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Abstrat
It was an important examination to give a review talk at the previous Con-
ferene on Inverse Quantum Sattering (1996, Lake Balaton) about omputer
visualization of this siene in front of its fathers- reators , B.M. Levitan and
V.A. Marhenko. We have ahieved a new understanding that the disovered
main rules of transformations of a single wave funtion bump, e.g., for the ground
bound states of one dimensional quantum systems are appliable to any state of
any potential with arbitrary number of bumps from nite to unlimited ones as
sattering states and bound states embedded into ontinuum. It appeared that we
need only to repeat the rule mentally the neessary number of times. That utter-
most simpliation and uniation of physial notion of spetral, sattering and
deay ontrol for any potential have got an obligatory praise from B.M. Levitan
at the onferene and was a mighty stimulus for our further researh After that we
have written both Russian (2002) and improved English editions of Submissive
Quantum Mehanis. New Status of the Theory in Inverse Problem Approah
[1℄ (appeared at the very end of 2007). This book was written for orretion
of the present defet in quantum eduation throughout the world. Reently the
quantum IP intuition helped us to disover a new onept of permanent wave
resonane with potential spatial osillations [2℄. This means the onstant wave
swinging frequeny on the whole energy intervals of spetral forbidden
zones destroying physial solutions and deepening the theory of waves in periodi
potentials. It also shows the other side of strengthening the fundamentally impor-
tant magi strutures. A 'new language' of wave bending will be presented to
enrih our quantum intuition, e.g., the paradoxial eetive attration of barriers
and repulsion of wells in multihannel systems, et.
Keywords: Quantum inverse problem, wave bending ontrol, exatly solvable mod-
els.
1 Introdution
The inverse problem (IP) innite number of exat models instead of only about
ten previously known were a great present of our mathematiians (Gelfand-Levitan-
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Marhenko) to quantum physis. But they were for a long time not enough understood
and used. Here will be helpful the disovery of qualitative golden rules of transforma-
tions of the most elementary wave "briks", their separate bumps and the notion about
the orresponding simplest and fundamental building bloks of potentials . This opened
the 'blak box' of omputer visualization of these models and intensies many times
their evidene and usefulness. It means a real quantum ABC to aquire the quantum
literay and failitate the future disoveries. So, one gains the absolutely unexpeted
ability of immediate predition how, in priniple, to ahieve the preise and evident the
spetral, sattering and deay ontrol, partiularly for multi-hannel systems to obtain
the given properties of the onstruted objets. An unpreedented ombination of quali-
tative simpliity and larity with absolute exatness was ahieved. That was impossible
to imagine in the previous quantum theory. Unlike the numerous books on quantum
mehanis, mainly ompilations, the one with approah from IP [1℄ has no analogs in
ontemporary literature. It is utmost intelligible due to omputer visualizations. It
is not a substitution of the traditional books, but a fundamental, strengthening and
simplifying addition to them enlarging and deepening the understanding of the sub-
jet instead of previously unintuitive and approximate approah. Investigation of exat
solvable models allowed us to reveal the possibility of pratially innite simpliation
of qualitative predition in mind of ontinuous manifolds of elementary transforma-
tions of quantum systems by variation of separate spetral parameters (energy levels,
spetral weights, et.). See referenes to independent opinions on this theory in Internet
on the site http://theor.jinr.ru/∼zakharev/.
Among some wonderful, instrutive examples of wave behavior found by us in IP
approah and explained an be mentioned the following [3℄ ones. Seemingly improbable
oexistene of onnement and unlimited propagating waves as possible solution
of the same quantum system at the same energy [3℄, 1999. Unusual (non-Gamow) deay
states an be onstruted by shifting energy levels into the omplex E plane [3℄, 2001.
Resonane absolute quantum reetion at seleted energies was shown the rst time
and on exatly solvable IP model [3℄ , 2001. The surprising equality of transparenies
of separate potential parts being ut in arbitrary point (one- and multihannel ases
[3℄, 2006. Unusual disretization of sattering states [3℄, 2006.
The experiene of onsideration of omputer visualization of ontinuum transforma-
tion exatly solvable inverse problem models of quantum mehanis helps us to imagine
the rules of `motions' in orresponding innite dimensional exat model spaes. This
possibility we have got instead of onsideration `separate points' of retangular, osilla-
tor and other previously known rare analytially solvable examples. This will be a step
to more perfet feeling the essene of miro-world's wave mehanis. Here for human
brain appears to be aessible what is beyond the possibilities of numerial alulations
even for most perfet modern and may be also for future omputers.
We emphasize the notion of the strongest sensitivity of the waves V (x) in neighbor-
hood of bumps extreme points (of maximum spatial density). So IP by revealing the
essene of onnetions: spetral weight with potential and quantum wave shape gave
us the main hint to one-hannel and later (reently) the multi-hannel wave bending.
It was ruial for formulation rules of spetral transformations: ontrol of wave loal-
ization and energy level shifts. And reently as a remarkable illustration it served the
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deepening of understanding the mehanism of forbidden zone formation [2℄.
It would be useful to mention that our experiene of quantum intuition, whih we
got onsidering thousands of solutions exatly solvable models (ESM) we have spread
to simple preditions, whih beame evident, for muh more broad set (manifold) of
problems, not ESM, without requirement to keep unhanged all spetral parameters
exept hosen ones what strongly enrihed the possibilities of diret problem solutions
in mind. Really, the new language of wave bending based originally on the inverse
problem approah, although after mastering these notions it beame not absolutely
neessary to onnet them with the inverse problem. There already works suessfully
the simple quantum logi. It is espeially so for extension of the qualitative theory
to oupled equations , e. g. multi-hannel systems [1,2℄. It reveals a lot of physial
eets, whih an be expeted due to the more powerful formalism possible to take
into aount inner degrees of freedom of investigated objets, e.g., the unexpeted
inversion of usual asymptoti behavior of partial hannel waves with dierent thresholds
of ontinuum spetral branhes (in less losed hannel funtions an derease more
rapidly). Unfortunately the main part of the physial ommunity is still unfamiliar
with the new aspets of quantum literay and the intuitive spetral theory whih
suessfully ontinues its development.
2 Rules of Bending Solutions of 1D Stationary Shrö-
dinger Equation and Exat Inverse Problem Models
To solve Shrödinger equation
−Ψ′′(x) = (E − V (x))Ψ(x) (1)
the suitable program is inserted into omputer as into the blak box, whih gives
at the exit some numerial results. This is not enough to reate the lear notion of how
the shape of V (x) determines the behavior of Ψ(x) even if we get also the graphial
illustrations. But generally the siene needed so muh to rise the prestige of larity
for aelerating its progress. Now it is rather widely spread among some authors the
pratie to hide behind the sienti-like fog the lak of understanding the subjet of
their own researh.
Let us mention the simple, but very important fat whih was left till now without
neessary attention. Equation (1) shows how the intensity of wave funtion Ψ(x) bend-
ing, its seond derivative d2Ψ(x)/dx2, is determined by the potential V (x). The degree
of V (x) inuene in dierent spae points x is proportional to the fator Ψ(x), with
whih V (x) enters into the(1). And this fator Ψ(x) when osillating has its absolute
value between zero at wave knots and maximums at its extreme values. This hanges
the sensitivity of Ψ(x) to V (x), so that Ψ(x) takes part diretly in ontrol of its own
bendings d2Ψ(x)/dx2. We ourselves for a long time have missed the simple rules of
bending Ψ(x) before revealing that: for positive loal kineti energy E−V (x) the
real wave is bending TO x axis independent to the sign of wave. For negative
E − V (x) the bending take plae in opposite diretion: from the x-axis. In the ase
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Figure 1: Bending of wave funtion when a) kineti energy is positive b) kineti energy is
negative
of free motion V (x) = 0 this rule gives the obvious notion of the solution, whih in
this simplest ase the well known from numerial alulations are illustrated by Fig.1
The qualitative pitures, see Fig.1, onviningly illustrate the given bending elemen-
tary rules to failitate solutions in mind.
This determines the loal hange of solution and its derivative. When the funtion
approahes to x axis its bending dereases and at the knot point disappears at all
(onverges to linear line). After the knot the sign of the wave funtion hanges and it
gets an opposite bending. But as before the knot, the bend ontinues to be TO the
x axis. Further this approah will failitate suh onsiderations in more ompliated
ases of nonzero and even matrix potentials.
An interesting example of wave bending is the ase of perturbation of initial free
motion with real sine-like waves by periodi potential V (x). Here we revealed seemingly
paradoxial oneption of the permanent resonane. In eah point of the separate
ontinuous energy intervals [E<, E>] there is exat oinidene of ommensurability
of spatial osillations of xed (!) potential and the strongly energy dependent
(!) solution Ψ(x) [3℄. This was understood due to inverse problem approah [3℄. A
remarkable lesson one gets here onsists in the following. The solutions of Shrödinger
equation an feel the same xed periodial potential sometimes as attrative, but
sometimes as repulsive. It depends on the shift of wave hain relative the potential
lattie. These shifts hange the eetive strength of potential inuene on wave motion.
The most repulsive eetive potential beomes when wave bumps embrae by their
main sensitive regions the repulsive zones of potentials. Analogous situation is for the
most attrative eetive potential when wave bumps embrae by their main sensitive
regions the attrative potential zones. Both these ases are ahieved simultaneously
with the symmetry of wave bump derivatives at the knots at dierent energy values
E< < E>], see Fig.2a,b. This depends on shifts of solution bumps (by speial hoie
of boundary ondition, e.g., xing the position of some wave knot) relative to barriers
and wells of periodial potential. The potential has in general inreased repulsion
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when barriers are posed in viinity of wave density (bumps absolute value) maximums,
suseptible wave tentales, and wells in viinity of knots, less sensitive wave zones.
The attrativeness of V (x) is inreased when potential wells are near the extrema of
wave bumps and barriers are in week sensitive neighborhood of knots. The hanges of
V (x) averaged over the shifted period allow to ompensate the total energy E hanges.
So that with inrease the energy the averaged potential inreased by the same value
(with suitable spae shift of solution) keeping onstant the averaged kineti energy
(E − V ), and the frequeny of wave osillations. In other words, the mutually
oordinated x- and E-shifts of solutions allow to ompensate the hanges of the full
energy E by orresponding potential variations to freeze the eetive kineti energy
Ekin. This allows strething exat resonane at one point into permanent
one on the whole forbidden zone. This explains the wonderful exat oherene, of
waves and periodial potentials destroying the physial solutions over the whole energy
intervals of forbidden zones (spetral launas) [3℄ 2004. Another behavior has the usual
free real wave. Its spae osillation frequeny is inreased with any small rise
of energy. Here the shift of one knot moves the whole solution over the x axis with
exat onservation of its form.
The periodi solutions as in the ases shown in Fig2a,b are possible only at the
spetral zone boundaries. There are no other periodi wave funtions (`paradox' of
periodi strutures)! Toward the both sides of these boundaries there is violation of
the above mentioned symmetry of derivatives. Only in the region of exat resonane
between E> and E< it ours with inreasing the amplitude of swinging by the same
fator on the period: the destrution of physial solution (forbidden zone). This leads to
the exponential inreasing (or dereasing) of amplitude of wave osillations by distorting
bumps, see Fig.2,d, Fig.3. Remarkable is the fat that the degree of this distortion
and of forbiddenness at the hosen energy point of the spetral gap are under ontrol
in inverse problem approah [1℄. In addition innite number IP of exatly solvable
periodi models an be now used instead of only two (Kronig-Penny and Dira ombs
of delta potential peaks or wells).
And from the other side of the spetral gap boundary the resonane is
approximate and with aumulation of phase shifts of potential lattie and wave spae
osillations there happens the alteration of regimes of solution growth from one dire-
tion to the opposite diretion. This results in healing the tumor like expanding: the
swinging dereases ompensating the growth and then again begins the growth and
so on providing formation beating of solutions in allowed zone. The beating remind
something the periodial modulations and loally the proesses inrease/derease in for-
bidden zone, but with omplete mutual ompensation of dangerous growth in opposite
diretions.
In forbidden zone we get two linearly independent exponentially swinging with in-
reasing amplitude in one or other side, see Fig.3. They are espeially onvenient due
to their simpliity with evident properties for using as fundamental solutions: for on-
strution arbitrary other solutions as their linear ombinations. If we shift the origin
into one knot of this solutions and ut there the periodi struture by innite potential
barrier, then it an be onsidered as example of the surfae (Tamm's) bound states [4℄
on the half axis x in the diretion of dereasing, see Fig.3.
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Figure 2: a)Bending of wave funtion Ψ1(E>) whih is shifted so that its bumps embrae
symmetrially potential barriers and feel periodial potential as eetively strong repulsive. b)
The bumps ofΨ1(E<) embrae symmetrially potential wells what is ating as average eetive
strong attration. ,d) Bumps of Ψ1(E) under whih are disposed well-barrier or barrier-well
potential bloks distort the symmetry of wave bumps, see gures of x-shifts in [1℄.. The ruial
fat is here the equality of bump lengths at dierent energies due to equality of averaged over
the bumps kineti energies (E − V (x)Ψ(x). At all values of the full energy E on the whole
energy interval [E<, E>] the average kineti energy is onstant. It is due to ompensation of E
variations by eetive average potential for dierent spae shifts of wave bumps (knots)relative
to the potential lattie. The asymmetri bumps ause the exponential growth of amplitude
of wave swinging without hanging knot's positions (smooth ontinuation of bumps requires
inrease/derease the neighbor bump by the same fator on eah period resulting in exponential
growth of amplitude of wave swinging. So the onservation of bump lengths provides the exat
permanent wave-potential resonane inreasing waves and destroying the physial solutions on
the whole forbidden zone [E<, E>]
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Figure 3: Two linearly independent fundamental solutions swinging with exponentially in-
reasing/dereasing amplitudes (orresponding to Fig.2/d). They have equidistant alter-
nating knots. The period of knots oinides with the period of the potential perturbation.
At the energies of zone boundaries these solutions osillate with the onstant amplitudes and
belong to both the forbidden and allowed zones simultaneously. Tamm's surfae state is ob-
tained by the ut of x-axis at the origin at the energy value E when one of the knots of solution
dereasing to the right hand side is at x = 0 and there is not penetrable potential wall
Suh physial state on the half axis onstruted of not physial solution
on the whole axis an be only at one energy point for the whole forbidden zone,
beause all other not normalizable solutions have no knots at the origin [2℄.
It is natural also to expet that the exat rules of spetral ontrol, found in single-
dimensional ase, must have some ommon features in more general situation. Of
ourse, the most sensitive parts of wave funtions in multidimensional spae will also
onentrate in viinity of wave density maximums. And shifting of energy levels must
require orresponding potential barriers (wells) disposed in these regions and ompen-
sating wells (barriers) along the knot-lines. But it is still not lear, whether it ould be
ahieved as in more than one dimension.
3 New Coneption of Magi Solidifying of Quantum
Systems and the Priniple of Minimal Ation Pro-
moting the Corresponding Transformations
Periodi "hammering" by alternating potential barriers and wells distort the sym-
metry of wave bumps. They are rumpled during gathering in one or opposite diretion.
This results in exponential inrease (derease) of swinging amplitude of spae wave os-
illations at smooth ontinuation of one bump over the whole axis. This destroys the
normalized physial solutions. It happens inside forbidden spetral zones in aordane
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with new oneption of permanent resonane mehanism. This speial onserving the
neessary preise spae osillation frequeny gives resonane having maximum not at
one energy point, but on the whole ontinuous energy intervals, spetral gaps.
From one side the nature of band spetrum of periodi strutures has some ommon fea-
tures with destroying of bridge by periodi perturbation (wind, soldier's lokstep) with
frequeny oinident with eigen-frequenies of the bridge osillations). From the other
side it may seem "paradoxial" that despite this strong perturbing shaking blows the
periodi strutures (rystals, hain moleules and polymers) beome strengthened(!).
This is a simply resolved 'paradox' : the reated spetral launae prevent some inter-
nal exitations of rystal struture restriting the eletron transitions between allowed
zones. It is like the ferro-onrete is reinfored by metalli arass whih hinders de-
formations. It appears that analogous priniple operates in yli wave motions foring
apart bound state energy levels in magi atomi and nulear onstrutions, organi
ring moleules, nanotubes, fullerenes. This new language allows to unify main aspets
of seemingly quite dierent bound states: in forbidden zones and ones embedded into
ontinuum as also reation and removal of bound states, of resonane and quasi-bound
states ontrol and so on [1℄.
3.1 Hypothesis of self regularization
The fat of strengthening the periodi strutures by means of spetral gaps was a hint
to the new idea about possibility of reonstrution of forbidden zones under addition
of impurities into rystals. It is right that the haoti additions (admixtures) destroy
periodiity and the resonane mehanism of reation of forbidden zones. But the energy
gain whih gives the periodiity (espeially with lled zones), promotes the rebuilding
the system. Aording to the priniple of the minimum ation it is advantageous to the
system to aspire to inrease of the binding energy. The partiles of admixture endeavor
to distribute themselves so that there appears new periodiity and together with it the
new band spetrum. So, in seemingly unpreditable onditions of aidental impurities
suddenly was laried their tendeny to their possible self regularization.
3.2 New glane at the property to reate magi strutures in
atomi, nulear systems, moleular rings, hains, polimer,
nanotubes, fullerenes
In yli wave motions the analogous destrution of physial solutions as in periodi
systems ours due to their not smooth sewing at the points of beginning and end of the
yle (instead of swinging with inreasing/dereasing amplitudes). The orresponding
spetral gap between the energy levels of bound yli states as in rystals, strengthens
the yli systems. It allows a new look at the eet of magi solidity. It is true,
that in one-dimensional ase the allowed zone onsist of a single energy level. Here the
boundaries of allowed zones are as if stiked together into one energy level. In multi-
dimensional, multi-hannel systems the number of allowed states inreses without the
great hanging the essene of the mehanism of the gap reation. Here as in periodi
ase the moving apart of levels, the widening of spetral gap happens due to inrease
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of potential variations on the yle. So, e.g. deformation of nulei, if it makes deeper
the eetive potential wells and higher the barriers on the yle motion of lusters or
separate partiles, an assist the appearane of magi struture. This may be the ause
of the stability of reently disovered uneven isotope of Al. It may happen if suh
mutual potential blows of the system onstituents prevail (overome) here the usual
mehanism of strengthening nulei.
4 Systems of Shrödinger Equations. Unexpeted Role
of Nondiagonal Elements of Interation Matrix in
Bending of Partial Channel Wave Funtions
Generalized and instrutive rules of bending multi-hannel partial waves Ψα were
reently found. They open the way to better understanding multi-dimensional and
many-body systems. The formalism of vetor funtions with partial omponents Ψα(x)
and matrix interation ||Vαβ(x)|| instead of salar potential V (x) was onsidered by
us in [1℄ 2000, see also referenes therein. For simpliity we shall onsider here the
two-hannel ase
−Ψ′′1(x) = (E1 − V11(x))Ψ1(x)− V12(x)Ψ2(x)
−Ψ′′2(x) = (E2 − V22(x))Ψ2(x)− V21(x)Ψ1(x), (2)
where Eα = E − ǫα and ǫα are threshold values of ontinuous spetra of dierent
hannels spetral branhes. The qualitative results here will be valid in priniple for
general system with Vαβ(x) oupling of arbitrary α and β hannels. That is true, the
diagonal elements Vαα of interation matrix inuene on Ψα like the salar one-hannel
potentials. Only Vαα onstitute the minority among all other matrix elements. But
nondiagonal ones seemed as some haos of interations. And suddenly it appears, that
situation is rather simple. Almost as for salar ase if Ψα(x) has the same sign as Ψβ(x).
The opposite situation is if there are dierent signs of waves in orresponding hannels
at the given point x. Here is possible the unexpeted inversion of inuene their
barriers and wells. Namely, for hannel wave funtions Ψ1(x) and Ψ2(x) with opposite
signs "barriers an be attrative(!)" inreasing the loal kineti energy and "wells
repulsive (!)" reduing it. Really V12(x) in the term V12(x)Ψ2(x) in equation of the rst
hannel in the system 2 ats as potential with opposite sign when Ψ1(x) and Ψ2(x) have
dierent signs. To explain better let us write this term in the form V12(x)
Ψ2(x)
Ψ1(x)
Ψ1(x)
(multiplying and dividing by the same funtion Ψ1(x)) as if with eetive single-
hannel (salar) potential V12(x)[Ψ2(x)/Ψ1(x)], whih has opposite sign relative
to V12(x) beause of negative sign of [Ψ2(x)/Ψ1(x)]. It means that the barriers in
V12(x) ontribute to bending Ψ1(x) TO THE AXIS x, and wells at onversely to turn
Ψ1(x) FROM AXIS x. So they inuene in opposite manner in omparison with usual
potentials on the intensity (−Ψ1(x) of bending Ψ1(x). Meanwhile in the seond hannel
happens the analogous inversion. The orresponding unusual, but nevertheless, simple
rules are useful for understanding some previously mysterious quantum peuliarities.
It is illustrated by dierent examples, e.g. omplex potentials [4℄, periodi strutures,
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transparent interation matries et. For similar signs of hannel funtions Ψα, Ψβ the
situation is standard one: the elements of interation matries Vαβ are like the usual
salar potentials and diagonal matrix elements Vαα. Their wells (and barriers) inrease
(and derease)the bending intensity of partial waves to the x axis. Barriers in V11(x)
and V12(x) in both terms −V11(x))Ψ1(x) and −V12(x)Ψ2(x) in the rst equation are
subtrated from the energy value E1 and make smaller the bending intensity |Ψ”1(x)|.
Analogously at the potential matrix elements in the seond equation in 2. Wells in
V12(x) hange |Ψ”1(x)| and |Ψ”2(x)| also as in diagonal matrix elements V11(x) and
V22(x).
The onsideration of wave bending helps the deeper understanding of periodiity.
This is an signiant step to solve qualitatively systems of oupled equations 'in mind'.
So ould be explained the mehanism of simultaneous permanent resonane in hannels
with dierent thresholds whih seemingly violate the neessary equality of "average
hannel kineti energies" on the periods. But it an be ompensated by terms with ef-
fetive potentials representing the inuene of V12 (details will be presented elsewhere.),
see also [1℄ 2000. We must only mention that the system of two ordinary dierential
equations an have two branhes of band spetra with partial overlap of forbidden zones.
For understanding the resonane mehanism of spetral gap reation for waves mo-
tion in periodial potentials we used the notion of energy level shifts in innite ret-
angular well when shifted states at dierent energy values have the same wave length.
Now we get explanation how the length of dierent hannel waves orresponding to
dierent thresholds are ommensurable due to the ation of of interation matrix. Al-
though the zero boundary onditions at the ommon vertial potential walls of dierent
hannels will automatially provide ommensurable wave length of spae osillations,
but it remained unlear, what speial role play here separate elements of interation
matrix. The signiane of the notion about the `normal' and `inverse' inuene of
V12(x) beomes more apparent if we imagine improbable situation that nobody knows
now trivial fat that the potential barrier is repulsive and well attrative.
5 Complex Potentials
Let us now onsider the ase, see [4℄, of omplex potential V (x) = VR(x)+ iVI (x) as
an intermediate step to multi-hannel formalism. Here the role of partial hannel wave
funtions play the real and imaginary wave omponents R(x) and I(x):
− R′′(x) = (E − VR(x))R(x) + VII(x)
−I ′′(x) = (E − VR(x))I(x)− VIR(x). (3)
The oupling between equations for real and imaginary omponents R(x), I(x) of
wave funtion is realized by the imaginary omponent VI(x) of the potential V (x). Pay
attention to opposite signs of oupling terms in dierent equations. So if R(x) and I(x)
have the same signs, the barrier in VI(x) in the rst partial equation is "paradoxially
attrative" inreasing the bending intensity −R′′(x) and "repulsive" well dereases it.
In the seond equation VI(x) ats as usual potential. For dierent signs of R(x) and
I(x) the situation is inverted, but again VI(x) ats dierently in both equations. In
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the ase of periodi omplex potential the following remarkable eet an be learly
understood in terms of wave bending. The dierene in oupling of equations 3 hinders
the simultaneous resonane in both equations 3 neessary for reating forbidden zones
[2℄ 1997, 2004. So it beame quite evident the eet of vanishing gaps and merging
allowed zones when swithing on imaginary omponents in real periodial potentials
perturbation 3.
There are also other interesting manifestations of bringing to light the essene of
quantum mehanisms. For example unlike the just onsidered ase how to help perma-
nent simultaneous resonane in oupled partial hannel equations with dierent thresh-
olds of ontinuum spetra whih seemingly hinder realization of resonanes.
New results are often not understandable for those who needed them. But gradually
we sueed nevertheless in simpliation and uniations of our separate notions and
oneptions. Even at the late stages of theory development there suddenly appeared
the laws whih seemingly should be revealed long ago.
There was found [1℄ an interesting example of inversion of hannel forbiddingness. It
happens due to the speial type of oupling V12(x). It an be demonstrated by exatly
solvable multihannel model of reetionless interation matrix. Paradoxial is the fat
that potential oupling V12(x→ −∞)→ 0 onverging asymptotially to zero an pump
out the wave from the rst hannel with smaller threshold ε1 < ε2. So the funtion
Ψ1(x) beomes more rapidly dereasing than Ψ2(x) orresponding to a bigger threshold
in ontrast to what was expeted. Mention some analogy with the ase of BSEC.
A speial interesting ase is the interation matries transparent at any energy.
Depending on relative signs of Ψ1(x) and Ψ2(x) in two-hannel system with equal
thresholds there will be free motion or strong perturbation (see Fig.4). In both ases this
perturbation is totally transparent. But in one ase it realises beause of anellation of
terms with V11(x) and V12(x); V22(x) and V12(x). And in other ase beause the halves
of transparent soliton-like (a) V11(x) = V22(x) potentials are added so that ombine the
whole reetionless soliton-like transparent eetive potential with well V12(x) (a) or
(b) barrier V12(x) potential (with bound states having equal(a) and opposite (b) signs).
The signs of norming fators in Ψ1(x) and Ψ2(x) provide the neessary results.
Let us onsider the last instrutive example of speial role of nondiagonal singular
interation matrix elements V12(x). It is the onstrution of two-hannel bound state
embedded into ontinuum (BSEC).
If the funtion of the single open hannel Ψ1(x) nonzero on the nite interval [0, a] is
made to be zero together with its derivative at the points 0, π due to the oupling with
other hannel we shall get BSEC beause Ψ1(x < 0, x ≥ π) ≡ 0 what is required by
both zero boundary onditions at x = 0, π. The neessary breaks of BSEC-solutions at
x = 0, π are performed by singular terms with V12(x = 0, π) and nonzero Ψ2(x). This
is impossible for salar potentials and their diagonal analogs at knot points of Ψ1(x).
Fig.5 shows the BSEC in two hannel ase with two point delta interation matrix
totally reeting waves due to possibility to break hannel solution at the knot so that
further it is ontinued with zero derivative what annot be ahieved in one hannel ase.
11
Figure 4: Two-hannel interation matrix of transparent system with equal thresholds and
bound state having equal spetral weights (a) or with opposite signs (b). The shapes of all
matrix elements are equal to the half of single hannel reetionless soliton like potential up to
sign. The proper summation of suh interations gives the total transpareny of the system.
6 Conlusion
Some wave bending rules and some of the inverse problem (IP) innite lasses of
exatly solvable models (ESM) [1,2℄ were onsidered. Now we have qualitative notion
of ontinuum spaes of ESM instead of about 10 usually used in ontemporary
quantum eduation. Unfortunately the majority of physial ommunity members is still
unaware of this important progress whih gives us unpreedented possibility to ombine
enrihment of our quantum intuition with possibility to hek them numerially using
omplete sets of losed analytial expressions of IP [1,2℄.
When onsidering immense number of INVERSE problem (IP) models (from their
omplete sets) we began to feel the one-to-one orrespondene S(E)−− > V (x), it is
simultaneously true in opposite diretion: in DIRECT problem (DP) V (x)−− > S(x).
That was one of our general goals almost just after the beginning of our investigations
to establish symmetry between two halves of quantum knowledge, IP and DP, whih
was violated so strong and so long. Really, S(E) and V (x) are exatly the dierent
representation of the same essene. Now we often solve qualitatively many DP, using
the experiene of IP exat models solutions. This an mislead the unaustomed and
not forewarned ones . What is good here is the silent testimony of signiant progress
in pursuing our long dream about symmetry. It must be also mentioned that many
laws of the onnetions S(E) < −− > V (x) revealed by the IP exat models beame
now qualitatively evident and enrihed our quantum intuition far beyond the sope
of exat IP results. For example, it is not always pratially important for us what
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Figure 5: Two hannel interation matrix with BSEC Ψ1(x),Ψ2(x). Although the rst
hannel is open at BSEC energy in ontinuous spetrum above E = ε1 = 0 the partial hannel
wave Ψ1(x) is zero outside the interval [0, pi] due to its breaking by nondiagonal oupling of
hannels. All xed parameters are here hosen to provide the BSEC existene.
ours with the highest states (exat onservation all spetral parameters besides the
speially hosen for the transformation. We used this, e.g., when utilizing the pieewise
onstant periodial potential of Kronig-Penny for pratially strit explanation the new
oneption of permanent resonane whih destroys the physial solutions in forbidden
zones. It often appears in small and big disoveries about what nobody has thought
before, beause there was no suspet to look for something new in very familiar eld.
For us due to IP approah we found there evident now (seemingly even trivial), but
previously absolutely unexpeted fats.
Our opinion based on own experiene about the possibility for anyone to make
disoveries [5℄. We onsider now the multidimensional generalization of wave bending
with hope to reveal the simplied ABC - essene of mehanism of miro-formation of
density and kineti energy distribution between dierent diretions and how it depends
on potential relief. It is quite dierent in omparison with one dimensional ase. The
new rules of wave behavior must be in omplete and instrutive onsistene with those
for the multihannel formalismwhih we have already found and onsidered above. Here
is promising the loal linearization of ompliated potential terrain features allowing
ruial separation of variables in nearest viinity of eah point simplifying the seemingly
inaessible larity of wave ontrol essene.
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